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Supplementary Note 1: Derivation of the time-averaging band structure.

By combining Eq. (3) and Eqg. (4), we can derive the time-averaging effective band structure
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After letting t = anem+@+n/2, one obtains
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Taking into account that Jn(E) = J&* cos(Nt—-Essint)dt and 0 = [**sin(Nt-E.sint)dt, one finally obtains
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which is precisely Eq. (4) given in the main text.



Supplementary Note 2: Averaged and instantaneous wave packet dynamics during SBOs

In this section, we provide a representative example to compare the averaged and instantaneous wave
packet dynamics during SBOs. Here, the amplitude-to-frequency ratio and the detuning are set as Eo
= 5.3 and & = n/150. Figures S1(a) and S1(b) illustrate the simulated and experimental wave packet
evolutions during SBOs, respectively. One sees that the measured data agree well with the simulation.

During SBOs, a giant averaged oscillation accompanied with slight swings can be observed.
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Fig. S1 Averaged and instantaneous wave packet dynamics during SBOs. (a), (b) Simulated and
measured pulse intensity evolutions for £, =5.3. (c) Averaged group velocity of wave packet during

SBOs. (d) Instantaneous group velocity of wave packet during SBOs.

To explicitly analyze the wave packet dynamics during SBOs, we calculate the averaged and the
instantaneous group velocities according to Egs. (5) and (9). As depicted in Fig. S1(c), the averaged
group velocity has a cosine function form along the propagation step m, reflecting a periodic oscillation
of wave packet. At the first quarter of oscillation period Msgos/4, the wave packet possesses a negative
group velocity and thus shifts to the left side of lattice. The area of orange region denotes the modulus
of the negative wave packet displacement. From the step m = Msgos/4 t0 m = Msgos/2, the group
velocity becomes positive, reflecting the rightward motion of wave packet. As indicated by the purple
region, the group velocity from m = Msgos/4 to m = Msgos/2 is opposite to the one fromm =0tom =
Msgos/4, and the wave packet displacement is also opposite. Thus, the wave packet returns to its initial

position at m = Msgos/2. From m = Msgos/2 to m = Msgos, One can first observe a rightward wave packet



motion and then a leftward retrieval. Hence, within the period Msgos, a periodic oscillation of wave
packet can be realized. Figure S1(d) depicts the instantaneous wave packet group velocity. One sees
that the group velocity rapidly changes with the step m, which gives rise to the fast-varying swings
during SBOs. At the first and last quarter of period Msgos, the net displacement of wave packet is
negative, corresponding to the negative averaged group velocity. From m = Msgos/4 to m = 3Msgos/4,

the wave packet possesses a positive net displacement and thus a positive group velocity.



Supplementary Note 3: Derivations of generalized SBOs under rectangular- and triangular-wave
ac-driving fields.

We introduce a rectangular-wave ac electric field combined with a dc electric field Naxc

Eeﬁ(m):{Na)ac+5+Eac, me[0,M,. /2)
No,+0-E,, me[M,/2,M,) (S4)
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By averaging the instantaneous band structure within one ac-driving period Mac, we arrive at the

effective time-averaging band structure
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Where y] = Na)acm+Eacm, y2 = Na)acm_Eacm+EacMac /2, and y3 = Na)acm"'Eacm_Ea_cMac, Wthh further

leads to
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Correspondingly, the averaged group velocity can be calculated as
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Integrating the group velocity with respect to the evolution step m, we arrive at the averaged trajectory
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Fig. S2 Generalized SBOs under rectangular-wave ac-driving. (a) Oscillation amplitude Aspos

varying with amplitude-to-frequency ratio E,. The solid curve and orange balls are the theoretical

and experimental results, respectively. (b)-(d) Simulated pulse intensity evolutions for £, = 1.4, 3,

and 3.9. The detuning is chosen as 6= 1/150.

Thus, the averaged trajectory of SBOs have a cosine form. When selecting the dc electric field Nan =



7/30 and the square-wave driving period Mac = 60, the relationship between the oscillation amplitude
Asos and the amplitude-to-frequency ratio Ew is shown in Fig. S2(a). The measured packet intensity
evolutions for four different ac-driving amplitudes E»= 1.4, 3, and 3.9 cases are shown in Figs. S2(b)-
2(d), which possess Aspos = 12.9, 0 and 3.6. Before the amplitude reaching the maximum point Eo» =
1.4 (Fig. S2(b)), the oscillation amplitude Aspo increases with the increase of the ac electric field
amplitude Eo». As E, gradually increases, the oscillation amplitude shows a damping oscillation
behavior. When reaching the first collapse point E» = 3 (Fig. S2(c)), the wave packet is localized
around its initial position. Fig. S2(d) depict the wave packet evolution of SBOs after the collapse point
(Eo = 3.9), the amplitude of SBOs reappears and the initial phase of SBOs is opposite to the weak-
driven case.

Then we consider a triangular-wave ac electric field combined with a dc electric field Naac
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Then the effective band structure can be calculated as
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we apply the formulas of trigonometric functions to separate the constant, and then use the perfect

square for terms containing m
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where x1 = x — 2nN. Using the Fresnel integrals C(x) = IOX cos(t?)dt, S(x) = J.Oxsin(tz)dt , we obtain the

final result

(6,K)) = 7 S eos(IC (x,) + COx) - SIS (x,) + S (x Yy cos(k + m).
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The effect of detuning 6 is to make the Bloch momentum linearly sweep the Brillouin zone. The

corresponding averaged group velocity is

cos(5) {cos(X)[C(x,) + C(x_)]-sin(x)[S(x,) + S(x_)]}sin(k + Sm).

J2E, (S15)

then the averaging trajectory of wave packet is obtained
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As N =1 and Mg = 60, the oscillation amplitude Aspos as a function of the amplitude-to-frequency

ratio £, is shown in Fig. S3(a). For 0 < E, < 2.3, the oscillation amplitude Asgo increases with the
increase of E,. At E, = 2.3 (Fig. S3(b)), the amplitude Asgos reaches maximum. In the relatively strong

ac-driving regime, i.e., £, > 2.3, the oscillation amplitude shows a damping oscillation behavior with



the increase of the ac-driving strength. When £, = 4.8 (Fig. S3(c)), the SBOs collapse with a vanished
oscillation amplitude. For £, = 6 (Fig. S3(d)), the wave packet initially oscillates from the opposite
direction compared to the weak-driven case in Fig. S3(b). The SBOs is thus reversed, which is similar

to the strong-driven SBOs under the sinusoidal-wave driving.

(@),

(b)
300

200

Stepm

100

O =R
-40 0 40 -40 0 40 -40 0 40
Position n Position n Position n

Fig. S3 Generalized SBOs under triangular-wave ac driving. (a) Oscillation amplitude Aspos varying
with amplitude-to-frequency ratio £,. The solid curve and orange balls represent the theoretical and
experimental results, respectively. (b)-(d) Simulated pulse intensity evolutions for £, = 2.3, 4.8, and

6. The detuning is set as 0= w/150.



